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Abstract
The present study discusses a prime cause of fluctuating protein concentrations, which play a
significant role in generating phenotypic diversity in bacteria. A genetic circuit integrated in a
bacterial genome was used to evaluate the cell-to-cell variation in protein concentration. A
simple dynamic model, comprising terms for synthesis and dilution, was used to elucidate the
contributions of distinct noises to the fluctuation in cell protein concentration. Experimental
and theoretical results demonstrated that noise in the rate of increase in cell volume (cell
growth rate) serves as a source of extrinsic noise that accounts for dozens of percent of the
total noise, whereas intrinsic noise in protein synthesis makes only a moderate contribution to
the fluctuation in protein concentration. This suggests that such external noise in the cell
growth rate has a global effect on cellular components, resulting in a large fluctuation in
protein concentration in bacterial cells.
S This article has associated online supplementary data files

and negative factors: synthesis due to gene expression
and regulation, and dilution due to an increase in cell
volume (cell growth rate) and protein degradation [2].
The stochastic fluctuation of synthesis and dilution is
consequently attributable to the cell-to-cell variation in protein
concentration. Such inherent variability in cell protein
concentration, as widely reported, is largely determined by
‘intrinsic’ noise that comprises the stochastic fluctuation of
transcription and translation of individual genes and the
specific degradation of their products [9, 13, 15, 27, 37, 41],
and the unclear ‘extrinsic’ noise, which has a global effect on
all cellular components [11, 13, 26, 29, 40]. Many studies
have focused on the so-called intrinsic and extrinsic noises
involved in protein synthesis, but there is little literature related
to protein dilution. As fluctuation in protein concentration can

Introduction
There can be significant variation in cell volume, protein
number, etc, within a population of genetically identical cells,
caused by the stochastic biological reactions occurring inside
these cells. Large fluctuations in cell protein concentration
can result in phenotypic diversity [13, 20, 24, 30], and is
considered to play an important role in the biological processes
of differentiation, development, adaptation and evolution
[1, 17, 19, 21, 23, 33, 36].
The dynamics of cell protein concentration can be
described conceptually as a balance between positive
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be generated by both noisy synthesis and noisy dilution, we
focus on the dilution rate to evaluate the noise that it potentially
contributes to fluctuation in protein concentration.
In bacteria, protein dilution is governed by an increase
in cell volume within a single generation, rather than protein
degradation [2, 31]. The rate of increase in cell volume can be
considered as the dilution rate; consequently, noise in the cell
growth rate makes a dominant contribution to noisy dilution.
Since the cell growth rate, in principle, has a global effect
on the whole cell, its noise can be defined as a source of
extrinsic noise. To isolate this possible extrinsic noise, we
constructed a genetic circuit within a bacterial genome, and
analysed the cell-to-cell variations in protein concentration
and the increase in cell volume. We found that noise in the
synthesis rate (gene expression) played only a modest part in
the fluctuation in protein concentration in the cells. Instead, we
found considerable cell-to-cell variation in cell volume (cell
growth rate), which suggests that noise in the cell growth rate
might have a global effect on the fluctuation in cell protein
concentration. We used a simple dynamic model, comprising
terms for synthesis and dilution, to elucidate the contribution of
distinct noises to the fluctuation in cell protein concentration.
Experimental and theoretical investigations confirmed that
noise in the cell growth rate serves as a source of extrinsic
noise, contributing to the total noise, accounting for dozens of
percent.

replacement based on the red system was performed to construct the genome-integrated synthetic circuit, as described in
a previous report [10].
Cell growth medium
Escherichia coli cells were grown in a modified M63
(mM63) medium (62 mM K2 HPO4 , 39 mM KH2 PO4 ,
15 mM (NH4 )2SO4 , 2 μM FeSO4 •7H2 O, 15 μM thiamine
hydrochloride, 203 μM MgSO4 •7H2 O and 22 mM glucose)
as the minimal medium. Cells were grown in the mM63
medium at 37 ◦ C (32 ◦ C for the OSU10 strain) for several
passages until the growth rate became stable.
Gene expression
Bacterial cells were grown in the mM63 medium supplied
with 10 μM IPTG (isopropyl-β-D-thiogalactopyranoside) for
18 h to induce full expression of RFP (red fluorescent protein)
at 37 ◦ C. Subsequently, the exponentially growing cells
were inoculated in the same medium with the addition of
doxycycline hydrochloride (Dox) to induce the expression of
GFP (green fluorescent protein). The initial cell concentration
was 104 cells mL−1 , and the final concentrations of Dox were
16.7, 22.5, 33.7, 45 and 113 nM. Cultures were sampled every
2 h.
Measurement by flow cytometry

Materials and methods

Gene expression (fluorescence intensity) and cell volume
were evaluated using a flow cytometer (FACSAria cell sorter;
Becton Dickinson) with a 488 nm argon laser, a 515–545 nm
emission filter (GFP) and a 563–589 nm emission filter (RFP)
at a medium flow rate. The following PMT voltage settings
were applied: 203 (forward scatter, FSC), 440 (side scatter),
615 (GFP) and 593 (RFP). At least 3000 cells were collected
for each measurement. Cell samples mixed with fluorescent
beads (Floresbrite YG Microspheres, 2 μm; Polysciences Inc.)
were loaded for the calculation of cell concentration.

Genetic construction
The
gene
cat,
encoded
chloramphenicol
acetyltransferase, was amplified from the plasmid
pPROtetEM7-zeocin (Clontech) using the primers CmApaI-f
and
(5 -GGGCCCAGGAAGCTAAAATGGAGAA-3 )
CmApaI-r
(GGGCCCTTACGCCCCGCCCTGCCAC-3 ),
followed by subcloning into the plasmid pCR2.1-TOPO
(Invitrogen). The constructed plasmid pCR2.1-TOPO-cat
was digested with ApaI, and the resulting cat fragment was
inserted into the plasmid pT3 (DDBJ AB434476), a derivative
of pT1 (DDBJ AB434474), whose EcoRV site was changed
to the ApaI site. The cat gene, fused to a homogeneous
sequence for genome recombination, was amplified from
the resulting plasmid pT3-cat using the primers chgalkl
(5 -AAGCCCACGTTTTACGGATC-3 ) and reG(I)l-kmr
(5 -GCTCCGTTCAACTAGCAGAC-3 ). The resulting PCR
(polymerase chain reaction) fragment was integrated into
the genome (downstream of gfpuv5) of the Escherichia
coli cells, strain OSU11 [18], whose galK and intC genes
had been replaced with the sequences PtetA-gfpuv5 and
Ptrc-dsred.t4-tetR-zeor , respectively. The resulting strain
was designated OSU12-cat, and the cells were examined by
flow cytometry. DNA sequences of the galK locus of the
OSU12-cat strain are available in DDBJ under the accession
number AB434473. Cells carrying a similar core circuit
(PtetA-gfpuv5 and Ptrc-dsred.t4-tetR-cat), designated OSU10
[18], were used for time-lapse microscopy. Homogeneous

Data analysis
The flow data were converted to TXT format.
The
cellular protein (GFP or RFP) concentration was
calculated by dividing the fluorescence value (green or red
fluorescence) by the FSC value [22, 33] using MATLAB
(MathWorks, Natick, MA). Autofluorescence was subtracted.
The systematic error resulting from events that occurred at
the bottom or top of the instrument’s range was eliminated.
One percent of the total number of cells (events) from both
the highest and the lowest values of fluorescence intensity
were removed to prevent unreliable rare events. Gate size
was defined by a narrow FSC window centred about the FSC
mean (figure 1(b)). We used a width chosen to achieve a
substantial reduction in the coefficient of variation (CV) (figure
S5; stacks.iop.org/PhysBio/6/036015), while maintaining a
sufficient number of cells (440–540).
To calculate the total number of GFPs per single cell from
the relative green fluorescence intensity, we used standard
2
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used for the preculture, and subsequently covered with a thin
polyacrylamide gel (5%) to prevent suspension of cell growth.
Fluorescence images were acquired at 240× magnification
using a fluorescence microscope (TE2000; Nikon) and a
cooled CCD camera (DV887; Andor). Time-lapse images
of various fields were automatically recorded every 5 min
using the Metamorph microscope control software (Molecular
Devices Corporation, Dawningtown, PA).
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Time-series images of RFP fluorescence were used to analyse
the increase in cell volume. We considered cell length as cell
volume because every cell was rod shaped. Shapes of cameracaptured cells were outlined manually, and cell volume was
calculated according to a method reported previously [39].
Growing cells, whose volumes increased exponentially within
a single generation (from birth to division), were collected
randomly. Cell growth rates were obtained by calculating the
slope of the temporal increase in cell volume on a logarithmic
scale (figure 5(b)) for ∼260 division events independently.
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Architecture of chromosomally integrated gene circuits
An E. coli cell harbouring a cascaded gene circuit
(figure 1(a)) in its chromosome was constructed for
experimental measurements and noise classification. Because
inherent prokaryotic promoters exhibit diverse architectures in
complex cellular networks, a synthetic gene regulatory circuit
was designed for the seamless tuning of the gene expression
[12, 32], according to a well-established design principle
[29]. Both the reporter gene, gfp [16], for the quantitative
detection of cell protein concentration, and the repressor gene,
tetR, for the regulative expression of gfp, were integrated into
the chromosome to minimize noise in the copy number of
DNA molecules. The expression of the Tet repressor was
monitored by the other reporter gene, rfp [7], which was
co-expressed with tetR. A constant expression level of tetR,
regardless of the expression level of gfp, can be guaranteed
by this genetic design, as noise in the native expression of
LacI, which controls the promoter Ptrc, can be eliminated
when sufficient IPTG is present (see supplementary data:
stacks.iop.org/PhysBio/6/036015). As described previously
[11, 29], full induction of an upstream gene can prevent the
transmission of its own expression noise to a downstream gene,
so that only the network-independent noise, i.e. global noise,
occurs.
Cells were grown in the presence of 10 μM IPTG with
various concentrations of Dox (0–113 nM), resulting in a wideranging expression level of gfp. The intensity of green (Green
FI) and red (Red FI) fluorescence of each cell, representing
the abundance of GFP and RFP expressed in a single cell, and
the FSC of each cell particle, which is related to cell volume
(data not shown) [8], were measured using a flow cytometer.
A genetically identical cell population under a widely used
culture condition (see materials and methods section) exhibited
a broad distribution (approximately two orders of magnitude)

0.2
Gated cells

0

0

50 100 150
Dox (nM)

Figure 1. Properties of the genetic circuit. A genetic circuit was
constructed and integrated into the E. coli chromosome for the
regulation of synthesis of the featured protein (a). The PtetA
promoter, which controls the expression of mutated gfpuv5, is
regulated by the repressor protein TetR and the inducer doxycycline
(Dox). The expression of TetR is controlled by the endogenous LacI
and the additional IPTG. The expression levels of GFP and RFP, and
the corresponding cell volumes, were measured at the single-cell
level in the presence of 0, 16.7 and 113 nM Dox, respectively
((b) and (c)). The averaged protein concentration was plotted
against Dox concentration for total (d) and gated (e) cells of a
specific cell volume ((b), gated region). Open and closed circles
show the mean concentrations of RFP and GFP, respectively. The
solid (fitted by a Hill-type function for GFP) and broken (mean for
RFP) lines are indicated for guidance.

beads (Living Colors EGFP Calibration Beads; Clontech)
according to manufacturer’s protocol. The results showed
that each GFP had a fluorescence intensity of 10−3.3 arbitrary
units. The total number of GFPs per single cell was calculated
by multiplying the relative GFP concentration by the relative
cell volume, FSC, the average value of which was 13 arbitrary
units, and then dividing it by 10−3.3 .
Cell culture under a microscope and image acquisition
Cultures (OSU10) were grown overnight in the mM63 medium
containing 1 mM IPTG and 250 nM Dox at 32 ◦ C. Cells in
the logarithmic growth phase (2 μl of culture) were placed on
a glass coverslip and immersed in the same medium as that
3
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Figure 3. Relative fluctuations during steady state. The relative
fluctuation CV (standard deviation divided by mean) in cellular
protein abundance (a) and cell protein concentration (b) for total
(closed circles) and gated (open circles) cells was plotted. Circles
from left to right represent CV in the presence of 16.7, 22.5, 33.7,
45 and 113 nM Dox.

Figure 2. Steady-state distributions of cellular GFP concentrations.
Steady-state distributions of cellular GFP concentration was
obtained at Dox concentrations of 16.7, 33.7 and 113 nM
(left–right). Distributions of total ((a) and (c)) and gated ((b) and
(d)) cells are plotted on both linear ((a) and (b)) and logarithmic
((c) and (d)) scales.

(figure 2(c)). In contrast, the distribution of gated cells
exhibited a normal-appearing shape on both linear and
logarithmic scales (figures 2(b) and (d)).
Further analysis was performed to determine whether
the different shapes of the distributions obtained using the
two approaches would result in a clear conclusion. The
ratio of the standard deviation to average GFP abundance
and concentration (CV) was plotted against the average GFP
abundance and concentration, respectively (figure 3). Both
CV values (abundance and concentration) of the gated cells
(open circles) declined slightly with increasing GFP (mean
value). Nevertheless, the slope of the decline was not as sharp
as that expected from the Poissonian stochastic process (slope
value 0.5, broken lines in figure 3), which can be interpreted
as stochasticity of both the expression reactions from the gene
to the protein [9, 13, 15, 27, 37, 41] and the partition error
of the protein from the mother to the daughter cell during cell
division [32]. Moreover, the CV of total cells (closed circles)
exhibited an approximately constant value, regardless of the
amount of GFP in cells. Neither total nor gated cells showed
any considerable decrease in the variance of GFP, leading
to the conclusion that a steady fluctuation in cell protein
concentration exists in both cases. The independence of the
CV from the expression level and the right-tailed distribution
have been reported previously [5, 6, 13, 14, 22, 26, 29], but
remained unclear because of the unknown source of extrinsic
noise [28].

of both protein (GFP and RFP) abundance and cell volume
(figures 1(b) and (c)). The abundance of GFP (Green FI) was
correlated to cell volume (FSC), with a slope of approximately
1 on a logarithmic scale, regardless of the expression level of
GFP induced by Dox (figure 1(b)). In addition, the intensity
of GFP was proportional to that of RFP (figure 1(c)), which
implies that the protein abundance in the cell was related to
cell volume.
Subsequently, the average protein concentration of the cell
population was analysed. The relative protein concentration
was calculated in two ways to prevent confusion caused by
the different approaches in data analysis. One method was
simply to take the ratio of Green FI (or Red FI) to FSC for
the whole cell population [22, 33], considering the correlation
between GFP abundance and cell volume. The other method
was to directly use the Green FI (or Red FI) value of a
subpopulation gated within a narrow region of FSC as a defined
cell volume, as described previously [5, 26, 40]. No significant
difference was found in the average concentration (mean value)
acquired with the two approaches (figures 1(d) and (e):
total and gated cells, respectively). The average GFP
concentration (closed circles) of the cell population, either
total or gated, increased with the concentration of the inducer
Dox, whereas the average RFP concentration (open circles)
remained constant (figures 1(d) and (e)). This implies
that the desired outcome of the genetic construction was
achieved.

Noise in the cell growth rate as a source of fluctuation in
protein concentration

Distribution of cell protein concentration
Protein concentration of single cells showed a broad
distribution, indicating considerable cell-to-cell variation
(figure 2). Unlike the average concentration for the population,
the two approaches (total and gated) gave dissimilar shapes
for the distribution of GFP concentration. The distribution
of total cells showed a long right tail on the linear scale
(figure 2(a)) and a normal tail on the logarithmic scale

To identify the element that maintains the fluctuation in
cell protein concentration in bacterial cells, we considered
the dynamics of protein concentration as consisting of two
processes, synthesis and dilution, as in the following equation:
dx
= kx − μx,
dt
4
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To examine whether the relaxation of protein
concentration can be explained by equation (3.1), the temporal
changes in GFP concentration (figure 4(a)) and cell growth
rate (figure 4(b)) were investigated. The cell growth rate
was determined from the rate of the increase in cell number,
which was identical to that of the increase in cell volume
at the logarithmic growth phase [2]. As shown in figure 4,
the cell growth rate remained stable in spite of the changing
concentrations of Dox that induced the GFP expression
(figure 4(b), closed circles). The average μ (mean value,
figure 4(b), solid line), 0.35 h−1 , was used to estimate
individual values of synthesis rate kx (figure 4(b), open
circles), corresponding to the average GFP concentrations.
Consequently, these estimated values (μ and kx ) were used to
reconstitute the temporal dynamics of protein concentration.
Intriguingly, the reconstituted relaxation curves all fitted the
experimental observation perfectly (figure 4(a), solid lines),
despite the cell growth rate determined from the increase in cell
number. This demonstrates that protein dilution was controlled
by the cell growth rate, and the simple model (equations (1)
and (2)) precisely captured the dynamic changes in cell protein
concentration. Note that the rate of increase in cell number
is equal to that of cell volume during the steady exponential
period [2].
According to the dynamic model (equation (1)),
fluctuation in cell protein concentration can arise from noise
either in synthesis (due to gene expression) or dilution (due
to cell growth). There has been much research on noise in
protein synthesis [9, 15, 41], whereas noise in protein dilution
has not yet been clearly explained. Here, we considered the
potential noise involved in protein dilution, that is, noise in the
cell growth rate [34], and attempted to answer the question of
the extent to which noise in the cell growth rate contributes to
the large fluctuation in cell protein concentration.
Noise in the cell growth rate function plotted in a
multiplicative manner against protein concentration (μx in
equation (1)) is prospectively attributable to the fluctuation
in cell protein concentration. We captured ∼260 division
events (cell cycles) directly at the single-cell level by timelapse microscopy to observe how noisy the cell growth
rate could be.
Cells that started exponential growth
without a detectable lag phase and continued to divide for
several generations were selected and used in the analysis
(figure 5(a)).
The rate of increase in cell volume
(corresponding to cell length) in each single generation was
recorded, as shown in figure 5(b). For instance, a cell of
a slower growth rate (e.g. 0.47) would stochastically grow
faster (e.g. 0.54) after a certain time and vice versa for
other cell lines. Such fluctuation in the growth rate of
individual cells over time causes cell-to-cell variations in the
cell growth rate, as represented in figure 5(c). The distribution
of the cell growth rate, including a total of ∼260 division
events (cell cycles), exhibited marked fluctuation (figure 5(c)),
with a standard deviation of ∼13% around an average of
∼0.45 h−1 . This indicates that noise in the cell growth rate
had reached a considerable level, ∼13% per generation. Such
xst =

(a)
Cell growth rate (h-1)

Mean GFP concentration
(Green Fl/FSC, a.u.)

Phys. Biol. 6 (2009) 036015

Figure 4. Temporal changes in protein concentration characterized
by cell growth rate. Temporal changes in mean concentrations were
evaluated experimentally (a) in the presence of Dox concentrations
of 16.7, 22.5, 33.7, 45 and 113 nM (closed circles from light grey to
dark grey). Solid lines represent a single exponential relaxation
(equation (3.1)) according to the cell growth and synthesis rates
shown in panel (b). Cell growth rates under the various conditions
(closed circles in panel (b)) show a mean value of 0.35 h−1 (solid
line). Protein synthesis rates (open circles in (b)) are plotted in a
similar way. Data on total cells were used for this analysis because
the distribution of total cells was not affected by the method of
gating and maintained a clear log-normal shape (figure 2).

where x, kx and μ represent the protein concentration, protein
synthesis rate and rate of increase in cell volume, respectively.
This simple standard description has been previously used
to interpret various biological phenomena successfully
[2, 27, 31], and the basic concepts of the model
considering mRNA step are described in the supplementary
data: stacks.iop.org/PhysBio/6/036015. Protein synthesis is
controlled by the protein synthesis rate kx , which is constant
against time, because the synthesis rate is determined by the
concentration of Dox, which activates the promoter PtetA and
raises the expression level of GFP. Protein dilution is controlled
by both protein degradation and increase in cell volume.
In a growing bacterial cell, the rate of non-specific protein
degradation is slow enough to be ignored [25], compared with
the rate of increase in cell volume. Thus, protein dilution is
mostly due to the cell growth rate μ, and the steady protein
concentration x should be calculated as the ratio of the protein
synthesis rate kx to the cell growth rate μ.
To verify the conceptual dynamic model (equation (1)),
the temporal change in cellular GFP concentration was
examined experimentally. The results showed that the mean
GFP concentration gradually approached a final steady-state
value governed by the concentration of Dox (figure 4(a), closed
circles). Such gradual relaxation to a steady state can be
anticipated from the analytical solution of equation (1):


dx
kx
= −μ x −
.
(2)
dt
μ
The relaxation rate seems to be decided by the cell growth rate
μ, and the final protein concentration at the steady state xst is
supposed to reach a value of kμx . The analytical solution can
be described explicitly as follows:
x(t) = xst − (xst − x(0)) e−μt ,

(3.1)
5
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Figure 5. Time-lapse microscopic observations of growing cells.
Noise in the rate of increase in cell volume was measured directly
by observing growing cells, shown as the snapshots of growing
bacterial cells (a). Temporal changes in cell length were traced at
the single-cell level (b). Time-lapse images were automatically
recorded every 5 min. Cell growth rates (h−1 ) within a single
generation are indicated. The cell growth rates, observed from
∼260 division events, displayed a Gaussian-like distribution with a
CV of 13% (c).
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Figure 6. Relationship between distributions of cell growth rate and
protein concentration. The distribution of cell growth rate (P̂ (μ),
white distribution) was transformed to the distribution of protein
concentration (P(x), light- and dark-shaded distributions, arranged
vertically) according to the curve x = kμx (solid lines), as indicated
by broken arrows. The protein synthesis rate kx was amplified from
0.11 to 0.22 (light and dark lines, respectively) in the presence of
Dox concentrations increasing from 33.7 to 113 nM, leading to a
shift in the distribution of protein concentration from P(x1 ) (light
shading) to P(x2 ) (dark shading).

cell-to-cell variations in growth rate among a cell population,
similar as those in the gene expression [13, 41], do represent
the difference over time but not in steady state.

to 0.088, respectively. The CVx of both distributions was
calculated; it was approximately equal to 14%, independent
of the expression level. This indicates that the fluctuation in
protein concentration (CVx ) transformed from the cell growth
rate (P̂ (μ)) was not determined by the protein concentration
(mean value of x) itself but by the shape of the distribution
P̂ (μ). Because the slope of x = kμx becomes steep when the
cell growth rate decreases, a wider distribution of the protein
concentration with a longer right tail can be obtained at a
higher concentration (figure 6, broken arrows), similar to what
is shown in figure 2 [14]. Thus, such independence of CVx
with respect to the expression level is well explained by the
dilution effect of cell growth rate on protein concentration. In
addition, the present analysis was based on the assumption
of a steady state with a slow noise limit, though a white
noise limit led to the same conclusion (see supplementary
data: stacks.iop.org/PhysBio/6/036015). We assumed that the
protein synthesis rate and the cell growth rate were decoupled.
However, if the protein synthesis rate increased in proportion
to the growth rate, the change in protein concentration due
to the growth rate would be cancelled out; resultantly, the
fluctuation of protein concentration caused by noise in the
growth rate would be irrelevant. Actually, we have observed
that the protein concentration increased significantly once the
GFP distribution was at a steady state with a slower growth
(data not shown). As the growth-rate independent part and the
proportional part equally contribute to the protein synthesis,
the fluctuation due to the noisy growth rate is not cancelled
out.
We next determined how noise in the cell growth
rate contributed to the fluctuation in protein concentration
(figure 7). We estimated extrinsic noise by fitting a commonly
used equation (A.5.3) (solid curves). The observed total noise
was divided into the intrinsic and extrinsic noises; resultantly,

Contribution of noise in the cell growth rate to fluctuation in
protein concentration
How is such a high level of noise in the cell growth
rate involved in the fluctuation in protein concentration?
According to the dynamic model (equation (1)), the steady
state of cell protein concentration is inversely correlated to
the cell growth rate (equation (3.2)). When the rate of
increase in cell volume varies among cells, the steady GFP
concentration of each cell x can be determined from the
relation x = kμx , and forms a distribution. Such transformation
from cell growth rate to protein concentration is schematically
expressed by the curve x = kμx (figure 6, solid lines). The
corresponding mathematical procedure is described in the
supplementary data: stacks.iop.org/PhysBio/6/036015. For
instance, in the presence of 33.7 and 113 nM Dox, the
protein synthesis rate kx was 0.11 and 0.22, respectively
(figure 4(b)), resulting in two corresponding dynamic curves
(light and dark lines). The distribution of the cell growth
rate, P̂ (μ), acquired from the experimental data, displayed
an average of 0.35 h−1 and a CVμ of 13%, and was
transformed to the distribution of the protein concentration
P(x) (the theoretical procedure in the supplementary data:
stacks.iop.org/PhysBio/6/036015). Once the protein synthesis
rate kx was raised from 0.11 to 0.22 (an increase of
approximately two-fold) as a result of the increasing Dox
concentration (from 33.7 to 113 nM), the distribution of
protein concentration was shifted from P(x1 ) (light shading in
figure 6) to P(x2 ) (dark shading), corresponding to the identical
P̂ (μ) (figure 6). As a result, both the averaged protein
concentration (mean value) and the standard deviation were
approximately doubled, from 0.31 to 0.63 and from 0.044
6
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where CVμ represents CV of the distribution of the cell growth
rate. In the case of CVx,extμ > CVx,int the following estimation
is induced:
1
x
>
,
b
CV2μ

Gated cells

Extrinsic noise

10

2

where x
represents the number of mRNA synthesized within
b
a generation (see the supplementary data and equations (S37)
and (S66): stacks.iop.org/PhysBio/6/036015). For instance,
50 molecules of mRNA per generation are the threshold
estimated in this study. It indicates that noise in the cell
growth rate contributes to the fluctuation in GFP concentration
more than noise in the protein synthesis rate does, when
the expression level is higher than 50 mRNA molecules
per cell.

Total noise
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Figure 7. Composition of fluctuation in protein concentration. The
total fluctuation (equation (A.5.3) thick line) for total (a) and gated
(b) cells was composed of intrinsic noise (broken lines) and
extrinsic noise (horizontal solid lines). Each contribution is detailed
in the appendix. The contribution of intrinsic noise was estimated
by expanding the dual colour system and is detailed in the
supplementary data. The circles represent a replotting of
figure 3(b). Noise in the cell growth rate (horizontal chain lines)
contributes a constant 14%, as part of extrinsic noise, accounting for
a proportion of the entire extrinsic noise, constituting dozens of
percent (68% and 27% for gated and total cells, respectively).

Global properties of noise in the cell growth rate
Thus far, fluctuations in gene copy number, chromosomal
position of the gene, particular transcriptional networks, etc,
have been identified as the origins of extrinsic noise [6, 29, 40].
Variation in these factors specifically affects the fluctuation of
the expression of target genes, but not that of all genes in the
cell. In contrast, our proposal that noise in the cell growth rate
is a powerful cause of fluctuation in cell protein concentration
points to a fundamental property of global noise. As the
cell growth rate is a global parameter characterizing dilution
throughout the cell, noise in the cell growth rate potentially
influences fluctuations in the concentrations of all cellular
components, acting as global noise.
To verify this proposition, we estimated the fluctuation in
concentration of RFP, co-expressed with the TetR repressor
protein. The characteristics of extrinsic noise depend not only
on the network architecture but also on the gene expression
level (concentration of the inducer) [13, 29]. According
to the schematic design of our genetic circuit, GFP and
RFP concentrations may be negatively correlated if noise
in the TetR repressor concentration is transmitted to the
expression of GFP. This property has been confirmed at low
concentrations of IPTG [29]. However, because RFP (as well
as TetR) is fully expressed by adding a sufficient amount
of IPTG and because noise in transcription and translation
has a time scale (∼10 min) [32] that is shorter than the
lifespan of GFP (∼10 h) [3, 38], the transmitted noise is
ignored, and the network-independent noise dominates instead
(see supplementary data: stacks.iop.org/PhysBio/6/036015)
[29].
Indeed, the correlation between GFP and RFP
concentrations is not negative but positive (figure S2:
stacks.iop.org/PhysBio/6/036015).
Moreover, the total
fluctuation in RFP concentration was found to be
approximately equal to that in GFP concentration (figure S6:
stacks.iop.org/PhysBio/6/036015). Hence, noise in the cell
growth rate is likely to perturb GFP and RFP concentrations
in the same manner. In particular, at a high expression
level, the ratio of the correlation between the two protein
concentrations rose from 0.31 to 0.74 as the gene products
accumulated (figure S2: stacks.iop.org/PhysBio/6/036015).
In addition, other factors such as ribosomes and networkindependent transcription factors might be considered as the

the total extrinsic noise was 51% or 21% (CV for total and
gated cells, respectively) (horizontal solid lines). As noise
in the cell growth rate constantly generates a 14% CV for
protein concentration (horizontal chain lines), it is estimated to
account for 27% and 68% of the total extrinsic noise for total
and gated cells, respectively. Apparently, noise in the cell
growth rate shares a considerable fraction of extrinsic noise
that causes the fluctuation in protein concentration. Note that
the CV of GFP (or RFP) distribution keeps constant regardless
of the shape of GFP (or RFP) distribution that may change due
to the mean or shape of the cell growth rate.
In addition, to compare the contribution of noise in the
cell growth rate with that of the intrinsic noise, the correlation
between GFP and RFP was analysed (see supplementary data,
figure S4: stacks.iop.org/PhysBio/6/036015). The estimated
intrinsic noise (figure 7, broken lines) was consistent to the
inherent part of the total noise (figure 7, solid curves) that
estimated from the dependence of CV on the mean GFP
concentration. We estimated the threshold where noise in
the cell growth rate and intrinsic noise contribute equally.
The contribution
of intrinsic noise, CVx,int , is

b
estimated as
x shown in equation (A.5.3) and (S18:
stacks.iop.org/PhysBio/6/036015). The coefficient b is called
as burst size and represents the number of protein synthesized
from a single mRNA within the lifetime of the mRNA. The
contribution of noise in the cell growth rate, CVx,extμ , is
estimated as follows, where fast noise limit is used as shown
in equation (S13: stacks.iop.org/PhysBio/6/036015):


CVx,extμ =

Dμ
≈ CVμ ,
μ0 − Dμ

μ0  Dμ ,
7

Phys. Biol. 6 (2009) 036015

S Tsuru et al

dominant sources of extrinsic noise that act globally on the
genome-wide gene expression. Unlike these extrinsic noises,
noise in the cell growth rate disturbs not only the concentration
of the entire set of gene products (proteins) but also all cellular
components, resulting in synchronized phenotypic fluctuation.

Appendix
In previous studies [13, 26, 29, 37], the stochastic nature of
protein concentration was characterized successfully by the
Langevin equation, in which noise terms are added to the
deterministic equation as follows:


dx
= kx − μ0 x + Dx,int ηx,int (t) + Dx,ext ηext (t), (A.1)
dt
where ηx,int (t) and ηext (t) represent intrinsic and extrinsic
noises, respectively. The diffusion constants are generally
defined as follows:

Conclusion and outlook
Using a genetic circuit and a dynamic model, we evaluated
precisely the contribution of noise in the cell growth rate to the
fluctuation in cell protein concentration particularly for fast
growing bacterial cells. The theoretical model used here was
experimentally verified to show that it captured the dynamics
of cell protein concentration (figure 4, see supplementary data:
stacks.iop.org/PhysBio/6/036015) and precisely explained the
well-known properties of cell protein concentration, the righttailed distribution and the average-independent CV (figure 6,
see supplementary data: stacks.iop.org/PhysBio/6/036015).
The model shows that noise in the cell growth rate acts as
a source of extrinsic noise and can simply be introduced
into the dynamic model for the quantitative prediction of its
dominant contribution to the fluctuating protein concentration.
Consequently, noise in the cell growth rate, demonstrated in
this investigation by time-lapse microscopy (figure 5), was
found to contribute to extrinsic noise, accounting for dozens
of percent (figure 7).
How do bacterial cells tolerate large fluctuations in
cellular components?
If all cellular components show
large fluctuations of similar magnitude, the protein networks
of the cell might show considerable disturbance.
A
proportion of cell proteins is crucially controlled by
local regulatory mechanisms, such as those controlled
by operons, regulons and target-specific degradation, to
adjust their cellular concentration and maintain homeostasis.
However, most proteins in bacterial cells are synthesized
constitutively, degraded slowly [25] and diluted by cell growth.
Consequently, their concentrations are inevitably perturbed by
noise in the cell growth rate. However, the global nature
of fluctuation in cellular component concentrations induced
by noise in the cell growth rate may preserve the relative
amounts of all cellular components. Thus, a large but coherent
fluctuation in these components may contribute greatly to the
stability of the intact cellular network, and accordingly provide
phenotypic diversity at a level that would sustain growing
systems in a fluctuating environment [1].

Dx,int = bμ0 x,

(A.2.1)

Dx,ext = cμ0 x .

(A.2.2)

2

Equation (A.2.1) is derived from the Poisson-like stochastic
process and has been verified theoretically and experimentally
[13, 15, 26, 41].
Because of its unspecified origin,
equation (A.2.2) is constructed phenomenologically from the
evidence, particularly in the case of global noise [13, 26, 29],
and plays a multiplicative role, as follows:

dx
√
= kx − μ0 x + bμ0 xηx,int (t) + x cμ0 ηext (t).
dt
(A.3)
Although the multiplicative stochastic property of the
unknown extrinsic noise can be described as Dx,ext = cμ0 x 2 ,
not Dx,ext = cμ0 x2 , we note that the difference between
these interpretations poses little problem for the analysis of
the mean or variance.
In spite of the slow time scale of the noises [4, 32, 35],
the variance and the mean at the steady state are roughly time
independent [13]. Thus, the white noise limit is applied here:
ηj (t) = 0,




ηj (t)ηj (t ) = 2δ(t − t )

(A.4.1)
j ∈ int, ext,

(A.4.2)

where δ is the delta function.
Subsequently, the average x, the standard deviation σ x
and the coefficient of variation CVx are calculated as follows:
kx
x =
,
μ0

σx = bx + cx2 ,

b
σx
CVx =
=
+ c.
x
x
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(A.5.1)
(A.5.2)
(A.5.3)

Equation (A.5.2) is introduced according to the standard
procedure as described previously [29, 37]. Equation (A.5.3)
reveals the relationship between the CV of protein
both a
concentration and the mean x. CVx comprises 
b
Poisson-like statistical property from intrinsic noise ( x
in
equation
(A.5.3)) and an invariable feature from extrinsic noise
√
( c in equation (A.5.3)). Apparently, the fluctuation in protein
concentration (CVx ) declines when the mean concentration
(x) increases, but reaches a constant value when intrinsic
noise turns to negligible along with the increase in the
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mean. Such constant fluctuation is derived from extrinsic
noise, which acts in a multiplicative manner, as shown in
√
equation (A.3): x cμ0 ηext (t). Equation (A.5.3) is used to
√
estimate the contribution of extrinsic noise c after obtaining
the contribution of intrinsic noise by the experiment detailed
in the results and discussion section (figure 7).
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