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A self-consistentPerron—Frobeniusoperatoris introduced.The invariantmeasurein a subspacefor thespatiotemporalchaos
of a coupledmaplattice is calculatedthroughtheoperator.Someapplicationsto spatiotemporalintermittencytransitionsand
patterndynamicsarebriefly presented.

To understandspatiotemporalchaosis oneof themostimportantproblemsinnonlineardynamicsat present.
As a simplemodelfor spatiotemporalchaos,coupledmaplattices(CML) havebeenproposed[1—3]andhave
beenextensivelyinvestigated[4—12].

Reasonsthatwe use a CML hereare: (i) it is numericallyefficient, (ii) dynamicalsystemtheoriesof low-
dimensionalchaoscanbe extendedto apply to spatiallyextendedsystems,(iii) statisticalmechanicaltreat-
ment is possible,and (iv) it providesa conceptualbasis for the studyof phenomenain spatiallyextended
systems.

A CML is a dynamicalsystemwith a discretetime, discretespace,andcontinuousstate [1—121.Although
thereare variouskindsof coupling betweennearbylatticepoints which may be usedin a CML, we restrict
ourselveshereto the following diffusive coupling casehere:

v~÷1(i)=(1 —~)f(x~(ifl+~[f(x~(i+l))+f(x~(i—1fl] , (1)

wheren is a discretetimestepand i is a latticepoint (i 0, 1 N—1; N is the systemsize)with a periodic
boundarycondition. Here the mappingfunctionf(x) is chosento be the logistic mapf(x)= I—ax

2 or some
othermaps.

The Perron—Frobenius(PF) operatorhasbeena powerful aid in the study of the statisticalmechanicsof
low-dimensionalchaos[13—15].The operatorhasfirst beenextendedto spatiallyextendedsystemsin ref. [161,
wherethe local structuretheoryof cellularautomatais constructed.In thepresentLetterwecombinetheabove
two approachesby introducinga formulationof the self-consistentPerron—Frobeniusoperatorandapply it to
the spatiotemporalchaos.

Firstwestartwith ameasurep(x(l), x(2) x(N)) onthetotal lattice (N-dimensionaldynamicalsystem).
The PF operatorfor the entiredynamicalsystemis given by [13—151

(1) y(N)) , (2)
v(i)=preimagesJ(Y(O) y(N—I))

where the sum is over all possiblesets of (y(i)), preimagesof x(i) (i.e., y(i)—~x(i)by the map (1)) and
J(y(0) y(N—1)) is the Jacobianof the CML transformation(1).

Here the preimagesof our systemare calculatedas follows [51:
First, notethatour modelconsistsof two successivetransformations,i.e.,y(i)—~x’(i) =f(y(i)) andthespa-
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tial averagebyx(i)=(1 —�)x’(i)+~[x (i+l )+x’ (i—I)] =>ID11x(1). Herethetridiagonaldiffusionmatrix
is givenby D,1= (l—�)&,~+le(ö,±,.,+c,,,+

5o.v_, +ô~_,,,,),where c5
11 is a Kroneckerô (notethe periodic

boundarycondition).
The inverseprocessof the latter is givenjust by the inverseof the tridiagonalmatrix D,. which leadsto

“‘ 1 ~—‘ cx [2ik~t(1—)/N]

~ D~’x(1)~~ 1—2�sin
2(k~/N)x(l). (3)

Theinverseof the nonlineartransformationis justy(j) =f —‘ (x’ (j)), wheref — ‘(x) is the inversefunction
off(x) (for the logistic map it is given by ±\/~—x)/a).Thus the preimagesof CML (1) aregiven by

YU)=f’(~D~x(1)). (4)

Usingthe chainrule, we get the following expressionfor the entire PF operator:

HPFP(x(l),x(2) x(Nfl=~ ~ p(y(l),...,y(N)) (5)
detD~(,).~\)H,, If (~(~))I -

where >~, ~ runs over all possiblesolutionsof (4).
Since this N-dimensionaldistribution is too difficult to treatdirectly, we introducethe following projection

to the k-dimensionalsubspace(x( 1), x(2) ,...,x(k)):

x(N—l)). (6)

Integratingout (5) by dx( 0) d.x( k+ 1) dx(k+ 2) ... dx(N— 1), neglectinga spatialcorrelationinp longerthan
k,andaftersometransformationsof variables,we obtainthe followingexpressionfor thesubspacedistribution
function:

H~p(x(l),x(2) x(k))=~~(k) JJ~
p(y(l),...,y(k))P(y(2),y(3) y(k)Iy(k+lflP(y(l),y(2),...,y(k—l)Iy(0)) 7

X H~,f’yun~ (

wherethe conditionalprobability P is givenby

P(y(2),y(3) y(k)Iy(k+l))=p(y(2),y(3) y(k),y(k+lfl/p(y(2),y(3) y(k)) (8)

andthe preimages(y(l), y(2) v(k)) are given by the solutionof

y(j)=f(D~i’(k)x/)—~[f(y(0flôJ,+f(y(k+1))~k1. (9)

Thematrix D’ (k) is the k-dimensionaldiffusion matrix D
1,of sizekwithouta periodicboundary(i.e., (1 — e)ö~,

+ ~(~± ,~+ö,_,~)).

The aboveequationhasa simple interpretation.First we write the PF operatorfor the CML of size k, with
theboundaryat x(0) =y(O) andx(k+ 1) =y(k+ I ). Thenwe calculatetheprobabilitythata spatialsequence
ofk latticepointstakesa set ofvalues(y(0), y( 1) y(k—1)) and (y(2), y(3) y(k+ 1)) self-consistently
from our k-dimensionalprobability distributionfunction. By integratingout the probability of the set of the
valuesy(0) andy(k+ 1), with the k-dimensionalPF operator,we get the aboveself-consistentPerron—Fro-
benius (SPF) operator.Thus our SPFis a PF operatorfor a k-lattice systemwith a heatbathat both ends,
the strengthof which is determinedself-consistently.

Theprojectedinvariantmeasurep*(x(l). ...,x(k)) ontoa k-dimensionalspaceisobtainedasthefixed point
function of the aboveoperator(7).
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In the following examples,we discusscasesof verysmall subspaces.The simplestcaseis the one-bodyap-
proximationgiven by k= 1. In thiscasethe SPFis givenby

HsPFp(x)=~JJ P(Y)P(Yo)P(Y2)dYdY (10)
1 —~ vf—’(lx—(~/2)(yo+y2)]/~—E)) If (y) I

In the fully-developedspatiotemporalchaos [4], the aboveone-bodyapproximationis fairly accurate.As in
fig. 1, the fixed point functionof our SPF (10) for the logistic latticeagreesquite well with the distribution
function obtainedby a directnumericalsimulationof (1).

The secondsimplestcase is the two-bodyapproximation,in which the SPF for p(x(l), x(2)) is given by

HSPF — 1 ff P(Yi,Y2)P(Yo,Yl)P(Y2,Y3)d d 11p x1,x2 — (l_~)2_(�/2)2J J 51.~p(y1)p(y2)If’(yi)f’(y2)I Yo Y3,

where p(y2)=Jp(y,, Y2) dy1 and the preimages (Yi, Y2) are given by the solutionsof

f(y1)_—(l—~)x1+~[f(x2)+yo], f(y2)=(l—)x2+~[f(x1)+y3].

Extensionsto a largerk-dimensionalsubspaceare quite straightforward.In the following, we briefly present
someapplicationsof one-bodyandtwo-bodySPFto phasetransitionsin CML.

The first exampleis spatiotemporalintermittency.A phasetransitionoccurs from a laminarstateto a tur-
bulentstatevia an intermittentlymixed regionof the two, asa parameteris changed~° [1,2,4,5,9,10].A simple
exampleof spatiotemporalintermittencyis givenby alogistic mapwithin theperiod-3window (e.g.,a= 1.752)
[1]. Both our one-bodySPF (10) anddirect numericalsimulationgive the samecritical point n~l0~for
the transitionfrom a laminar to turbulentstates.

A simplermodelfor the intermittencyisgivenby thechoiceof a piecewise-linearmap [10] ;f(x) = ax (x <

f(x)=a(l—x) (~<x<l), andf(x)=x (x>l). In the model, the motion is chaoticif x<l andis regular
(fixed point) for x> 1. The CML correspondingto thisf(x) exhibits thespatiotemporalintermittencytran-

SI Fora relevantexperimenton spatiotemporalintermittency,seeref. [17].
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Fig. 1. One-body distribution function ofp(x). The solid line eves0.01 a 1-body distribution function obtained from a numerical inte-

L ~ grationof (10), whilethedashedline givesthatobtainedfroma
— 7 direct simulation of (1). For thecalculationof distribution, 100

~ meshpoints areusedfor theinterval (—1, 1.1) (5.x= 0.021).
0 ~ The logistic lattice with a= 1.95 ande=0.1. Forthedirectsimu-

0.5 0 0.5 lation the size N is chosento be 100 anda randominitial condi.
X tion is used.
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sition at = �~.For a= 3.0, the transitionparameteris foundto be ~ 0.36 numerically.From the numerical
integrationof our one-bodySPF(10),we havefounde~=0.3333.We havechecked . for a few differentvalues
of a, and bothour SPFandthe direct simulation agreeratherwell (within lO%). OurSPF solution gives a
jump at the transition,that is, the measurefor burstsgiven by i~.<,p(x) dx hasa finite jump at e~.

Anotherexampleis the phasetransitionwith patterndynamicsin the logistic maplattice [4]. Thetransition
from the orderedpatternwith some wavelengthto a turbulentstateis found, as a is increased.To seethe or-
deredpatternwith a domainsizeof 1, weneedan at leastI-dimensionaldistribution function.Here,we have
investigatedthetransitionfrom a zigzag pattern(/=2) to a turbulentstatefor = 0. 1. In fig. 2, two-pointdis-
tribution functionsp (x( 1), x( 2)) are shown.Wecanseea transition from a zigzag stateto a turbulentstate.
Thiskind of transitionis seenevenin a two-coupledmap [18 }. In thetreatmentheretheeffect of other sites

than the two-lattice-pointsubspaceis includedas a self-consistentheatbath.
In this Letter we havepresenteda simpleformulation for a self-consistentPerron—Frobeniusoperator.The

convergenceto a fixed point function hereis exponentialandquite rapid (in our exampleswithin 20 steps),
while in the direct simulation,the covergenceis l/\/~~~andrequiresmorethan 1000 steps.

If we takea largerk-dimensionalsubspace,it is expectedthat our resultwould be better.Whenspatialcor-
relationdecaysexponentially,asis typically the case,our heat-bathprocedurewill be good if the subsystem
size is larger than the correlationlength.

Extensionsof our formulation to the open-flow CML model [7 I~and higher-dimensionallattice . [5] are
straightforward(for a higherdimension,thereare somedifficulties [191, which may be resolvedas in some
casesof cellularautomata[20]).

Also it may be possibleto havea statisticalmechanicalargumentfor spatiotemporalchaos(seealso ref.
[11]), basedon our PF operatorfor a subspace.Throughthis argumentwe hopeto relatevariousquantifiers
suchasLyapunovspectra[3], dimensiondensity [12], co-movingandsubspace-Lyapunovexponents[7.211.
andmutualinformation flow [3].

Finally, we notethat our formulation is nota mean-fieldtheory. The mean-fieldtheory in the original sense
canbe derivedas a global coupling model for our lattice system,i.e..

x,~,(i)=(1—)f(x,(i))+ ~f(x~(j)).

-1 __

1 1 1

x2

x 1

Fig. 2. Two-body distribution functionofp(x1, x2), obtainedfromthenumericalintegrationof (11). For integration64 meshesareused
for (—1, 1) (~5.x=2/64).In thefigure, a sideofa squareis proportionalto p(x1, x2) at thecorrespondingsite. (a)a= 1.78, e=0.1 (the
maximumofp(x1,x2)(~x)

2is 0.007; thecorrespondingpixel is left blank ifp(x
1, x2)(Ax)

2<0.0005). (b) a= 1.98, ~=0.l (the maxi-
mumofp(x

1, x,) (zS.x)
2is 0.0035;thepixel is left blank ifp(x

1, x2)(Nv)
2<0.00025).
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This equationhasturnedout to havea rich varietyof phasescorrespondingto the patterndynamicsof our
short-rangedlattice systems[22], asthe mean-fieldmodel for a spinglasshasgiven an interestingphaseby
Parisi [23].

Theauthorwould like to thank H. GutowitzandM. Casdaglifor critical readingof the manuscriptandval-
uablecomments,andN.H. Packardfor usefuldiscussions.
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