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Coupledmaplatticemodel for convection
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A coupledmaplatticemodelfor convectionis proposed,whichconsistsof EulerianandLagrangianprocedures.Simulationsof
themodel reproducewide-rangedphenomenain Bénardconvectionexperiments:Fora small aspectratio, formationof convec-
tive rolls, their oscillation,andmanyroutesto chaosarefound, with theincreaseof Rayleighnumber.For a largeaspectratio,
spatiotemporalintermittencyis observed.For a highRayleighnumber,transitionfromsoft to hardturbulenceis confirmed,asis
characterizedby thetemperaturedistributionchangefrom Gaussianto exponential.The roll formationin a three-dimensional
convectionis alsosimulated,whichreproducesexperimentswell.

Rayleigh—Bénardconvection (RBC) has always produceall the abovephenomenajustby the change
beena typical experimentfor chaos,spatiotemporal of aspectratio, Prandtlnumber,andRayleighnum-
chaos,patternformation,and turbulence.Fora small ber. Theagreementwith experimentsis mostlyqual-
aspectratio,thetransitionto chaosof theoscillation itative, although somequantitativeagreementsare
of convectiverolls was studiedwith the increaseof presentedin the STI and in thetransitionfrom soft
Rayleighnumber [1]. For a largeaspectratio, spa- to hardturbulence.
tiotemporalintennittency (STI) is observedat the The CML model is one of the most powerful
transition to turbulence [21. The processof for- methodsto studythe dynamicsin spatiallyextended
mationof rollsin a systemwith a largecontainergives systems[5]. CML modelingis basedon the sepa-
a prototypefor the patternformationandthe slow ration andsuccessiveoperationof procedureswhich
motion of defects between rolls [3]. For larger are representedas mapsactingon field variableson
Rayleighnumber,a transitionfrom soft to hardtur- a lattice.The CML modelhasbeensuccessfullyap-
bulencewas clarified by Libchaber’sgroup [4]. plied assimulatorsfor variousphysicalphenomena

So far, only some of these experimentalresults [61. Here we decomposethe fluid motion into
(e.g., low-dimensionalchaos) are partially repro- EulerianandLagrangianprocedures,to include the
ducedby extensivesimulationwith the use of the advectivemotion [7].
Navier—Stokesequation.We do not have a single First we choosea two-dimensionallattice (x, y)
simple model which reproducesall the abovephe- with y asperpendiculardirection,andassigntheye-
nomenaasyet.In thepresentLetterwereporta sim- locity field Vt(X, y) and internalenergyE

t(x, y) as
pie coupledmaplattice (CML) modelwhichcanre- a field variableat time t. The dynamicsof the field

consistsof LagrangianandEulerianparts.Thelatter
Presentaddress:DepartmentofAppliedPhysics,TokyoInsti- part is further decomposedinto the buoyancyforce,
tuteof Technology,Meguro-ku,Tokyo 152,Japan. heatdiffusion andviscosity,which arecarriedoutby
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the conventionalCML modelingmethod [6]. Here locity and temperature.We set a quasi-particleon
we assumethatE’(x, y) is scaledsothat its average eachlattice site (x, y). The particlehasa velocity
is roughly 0; in otherwords,Et(x, y) takesopposite v(x, y) and moves to (x+ 6x, y+ ~y) by the La-
signsat the top plateand the bottom plate. In the grangianscheme,where~x—v~(x,y), öy=v~(x,y).
constructingprocedures,we assumethatEt(x, y) is All field variables(velocityand internalenergy)are
associatedwith the temperature. carriedby this particle.Sincethereis no latticepoint

Forthe Eulerianpartwe notice the following pre- at theposition (x+ ~x,y+ öy) generally,we allocate
scriptions: (I) a site with higher temperaturere- the field variableon its four nearestneighborsites.
ceivesa force in the upwarddirection; (II) heatdif- Theweightof this allocationis givenby theleverrule;
fusion leadsto the diffusion for Et(x, y); (III) the (1 —&v) (1— dy), ~ix(1 — dy), (1— 6x)~y,and6x~y
velocity field vt(x,y) is alsounderdiffusivedynam- for the sites ([x+ ox], [y+ Oy]), ([x+ Ox] + 1,

ics, due to the viscosity; (IV) in an incompressible [y+ OyJ), ([x+ Ox], [y+ Oy] + 1) and ([x+ Ox]
fluid, thepressuretermrequiresdiv v to be0. We do + 1, [y+ OyJ + 1) respectively,with [z] as the max-
not takethis condition here,sincethe inclusionof imal integersmallerthan z.
pressurerequires more complicatedmodeling. In- The totaldynamicsof our model is givenby suc-
stead,we borrow a termfrom compressiblefluid dy- cessive applications of the above procedures;
namics,which bringsaboutthispressureeffect, and {t”(x, y), Et(x, y)}~{i~a*(x y), Et(x, y)}_~
constrainsthe div v term from growing to largeval- {v’(x, y), E’(x, y)} — (Lagrangian)—~{v1~1(x, y),
ues.This term is given by the discrete version of Et±~(x, y) } ~‘. Thiscompletesonestepof dynamics.
grad(div v). An “expanded”regionwith largerdiv v For the boundary,we choosethe following con-
imposesa forceto neighboringlatticepointsthrough ditions. (I) Top andbottom plates:assumingtheal-
this term.Combining thesedynanlics,the Eulerian location of E to temperature,we choosethe bound-
partiswritten asthe successiveoperationsof thefol- ary condition E(x, 0) = OT= —E(x, Np). For the
lowing mappings(hereafterwe usethe notationfor velocity field we haveusedeither a fixed boundary
the discrete Laplacian operator: AA (x, y) = or freeboundary.FortheLagrangianscheme,we use
~[A(x—i,y)+A(x+l,y)+A(x,y—l)+A(x,y+ 1) afixed orreflectionboundary.(TI) Sidewall atx=0
—4A(x,y)] for any field variableA): and x=N~:we useeither fixed, reflective, and pe-
(i) buoyancyprocedure, riodic boundaryconditions. Hereafterwe mostly

choosethe fixed boundaryfor top andbottomplates
v~(x,y)=v~(x,y) and the periodic boundarycondition for the x-

+ ~c[2E’(x, y) —Et(x+ 1, y)—Et(x—1, y)], direction.Changingto a fixed boundaryat thewall
altersour velocitypattern(fora smallsize),butmost

v~(x,y) = v~(x,v) (1) of the transition sequenceof the patternsremain

(ii) heatdiffusion, invariant.
Basic parametersin our model (and in experi-

E’(x,y)=Et(x,y)+icAEt(x,y) , (2) ments)are Rayleighnumber(proportionalto OT),

(iii) viscosityandpressureeffect, Prandtlnumber(ratioof viscosity to heatdiffusion,
v/ic), and aspectratio (N~/N~).Here we study in

v~(x,y)=v~(x,y) + v~v~(x,y) detail the dependenceof the convectionpatternon

* the Rayleighnumberand the aspectratio. For sim-+~[v~(x+l,y)+v~(x—l,y)]—v~(x,y)
ulations we take the diffusion coefficient i~as

+~ [v~(x+ 1, y+ 1) +v~(x—1, y—1) ~v<t~~v [8], althoughour results arereproduced,

—v~(x—1,y+ 1)— v~(x+~, ~— 1)1 } (3) asfar as ~j is thesameorderof v, wheredivv is kept
small numerically.

andthe equationwith x~—’y. ForsmallRayleighnumber,we havea steadycon-
Successiveoperationof the abovethree parallel

procedurescompletes the Eulerian scheme.The Theorderofoperationsofproceduresis not important.Models

Lagrangianschemeexpressesthe advectionof ye- with differentordersgiveessentiallythesamephenomenology.
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vectiveflow. Few rolls are formed, the numberof time
which increaseswithOTandtheaspectratio.At small
aspectratio,theserolls startto oscillateperiodically __________
in time,with the increaseof 01’. If the Prandtlnum- ~il..Ir~

ber is small, we haveobservedperioddoublingbi-
furcation to chaoswith the further increaseof OT.
Here,we note that the doublingis interruptedafter
a finite numberof times (up to period 4 or 8). In
theexperimentalobservation,it isbelievedthatnoise _________

inducessuchimperfectbifurcation. In our simula-
tion, high dimensionaldynamicsplays the role of a
generatorof “noise”, which, we believe,istheorigin
ofthe interruptionof a doublingsequencein realfluid
systems.If the Prandtlnumberis larger,the onsetof ______

~ii-Jchaosoccurs through a quasiperiodicstate (two- _________dimensionaltorus), in agreementwith the experi -_____________________________mentalobservationof the routeto chaos[1].

For a largeaspectratio, many steadyconvective 0 space 100
rolls areformed. The numberof rolls increaseswith
OT. With theincreaseof OT, therolls startto oscillate Fig. 2. Spatiotemporalpatternof velocity field u,,. Successive
periodically (all the rolls havethe samefrequency). changesof v~(x,~N~)areplotted in spacetime,with theuseofa
As OTis further increased,the collectiveoscillatory gray scalewith black and white indicating vy=±0.75 respec-

tively. N~=100,~ 17, v=0.2, ic=0.4, ~=0.3, and8T= 1.2.
behaviorbecomesunstable.Laminarroll motion and
turbulentmotioncoexistin spacetimeasis shown in

pfig. 2. __________________

We havemeasuredthe distribution of the sizeof
0.01

a laminar region to characterizethe STI transition
[5]. Thedistribution of thespatiallengthof laminar o.ooi
domainsis givenin fig. 3. It clearlyshowsthepower
law distribution at the STI transition,while the dis- 0.0001

tribution decaysexponentially when the Rayleigh ______________________
0.00001

numberis larger. Theseresultsagree with the ob- 10. 20. 50 . 100 200. 500. L

servationin the RBC experimentswith alargeaspect Fig. 3. Log-logplotof theprobabilitydistributionfor thelength
ratio [2]. The exponentof the powerlaw distribu- of thelaminar domain.The distribution shows a powerlaw at

theonsetofSTI. N~=850, N~=17, v=K=0.2 and8T=0.1. As6T
is increased,theexponentialdistributionreplacesthepowerlaw.

Time=1000

17.5 tion is 2.0±0.2from our simulation,which agrees

I~~ Forlarger01’, hotandcold plumesstartto appear.is ~ with experimentalresults [2].10
4 Plumesin our model are definedasisolatedsets of4h +1 a few connectedlatticepointswith largeror smaller7.5 ~)5 _/ \\ I~L enough,hot plumescannotreachthe oppositeplateenergy E than their neighbors. If OT is not large2.5

~ 10 15 20 25 30 x (andviceversaforcold plumes).A hotlayeris con-
nectednear the bottom plate. The boundarylayerFig. 1. Snapshotof convectiveroll patternfor our CML model.

The velocity field of our CML model is shownfor time step still remains.With the increaseof OT (>6.0), the
t=300.N~=30,N~=l7,v=0.2,?c=0.4,and~T=O.l. layersplits into disconnectedregimes,and plumes
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canreachthe oppositeplate (seefig. 4 for the con-
tourplot ofE(x,y)). A similarchangeof convective • (a)

patternis found by Libchaber’sgroup, whereeach 12

stateis termedassoft (for theformer) andhardtur- 10
bulence.Accordingto their experiment,the temper- (b)

gi

is Gaussianin soft turbulence,andexponentialinaturedistribution (in the middle of the container) ~ (C)

hardturbulence[4]. We havemeasuredthe distri- 6 I

butionof E(x, ~N~) by samplingoverl0~timesteps, ~ I I

andoverthehorizontalpositionx (notetheperiodic I 4/
I,’boundarycondition for the side wall). The distri- ‘ ~

2 I
butionisplottedin fig. 5,which showsthetransition •~Pd ~ ‘ b~
from Gaussianto exponential. . I I

~ 10 15 20 25 30
Cold

__________ Fig. 5. The distributionof E(x, lN~)sampledovertime andx.

N~=N~=30,andv=K,=0.2.

(a)
flatness

Convection Threeexamplesareoverlayedwith increasingRayleighnumber.OT=l.0 (b) ~-~*

1 10 15 20 25 !
fr. /

(b) 20 _____________________

OT=3.0 25 5 7.5 1012.51517.520
dT

Soft-turbulence10 Fig. 6. Rayleigh number dependence of the flatness
<(E— <E> )~>((E—<E) )~>~2 of the temperaturedistribu-
tion.ForalowPrandtlnumber((a)vo=0.2andK=0.5),theflat-

10 ~ 20 ~s nessis raisedfrom 3 to 6 with theincreaseof~T,whileit is raised
up to 12 for a high Prandtlnumber ((b) v~~0.2and K=0.3).

Furthermore,theplateauaround3 (in thesoft turbulentregime)

25 getsnarrowerby decreasingthePrandtlnumber.

(<[OE(N~, ~N~)]
4><[i3E(N~, ~N~)]2)~2 with OE

OT=10.0(c) 20 ~ We havecomputedtheflatnessof the distribution
Hard-turbulence:: flatnessrisesfrom 3 to 6 with theincreaseof OT, in

.. z=E_(E>) (fig. 6). Foralow Prandtlnumber,the
agreementwith experiments.For the high Prandtl
numberregime,on the otherhand,the flatnessrises

15 20 continuouslyup to 12. Wealsonote that theplateau
aroundflatness3 (in thesoft turbulenceregion)gets

Fig. 4. Snapshotof equi-energy (equi-temperature)Contour,
plottedwith 30 levelsfor E= — 67~to6T.N~=N~=30, ~ = K= 0.2. narrowerwith thedecreaseof the Prandtlnumber.
(a)6T=l.0 (b) 8T=3.0(c) hT= 10.0. The Prandtl number dependence of the flatness is
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our prediction here, which, we hope, will be con- Time=200
firmed in future experiments. 100

Our CMLmodel provides the first simple model
for the soft—hardturbulencetransition52~Besidesthe 80

abovequantitativecharacterization,our observation
of theenergypatternalso suggeststhatthis transition 60

is associatedwith the percolationof plumesat the
bottom plate. (a)

The extensionof ourmodelto threedimensionsis öT=O 6 40

quite straightforward.We havesimulateda three-
dimensionalconvectionin rectangularandcylinder 20

containers, taking a fixed boundaryat the wall.
Startingfrom analmosthomogeneousfield, rolls are ~ 40 x
formedlocally within shorttimesteps,while theslow
motionof the defectsbetweenlocally alignedrolls is y
observedlater, over long time steps,as has been Time=2500
found in experiments[3] (seefig. 7). The domain
size of alignedrolls increasesso slowly that the ir-
regular motion of defects remainsover long time 80

steps.If the Rayleighnumberis larger,thesedefects
form cellularstructuresas in fig. 7c. 60

In summary,we haveproposeda CML model for (b)
RBC, by introducinga Lagrangianscheme,wherethe 40

advectivemotionis expressedby quasi-particles.Our ~TO.6
model reproducesalmostall phenomenologyin ex- 20

periments;a steadyconvectiveflow, roll formation
process,periodic oscillation of rolls, bifurcationto
chaos,andSTI. In particular,thetransitionfrom soft 0 20 40 60 80 ilo X

to hardturbulenceis confirmed,wherethe temper-
aturedistribution changesits shapefrom Gaussian Y
to exponential, in agreementwith experimental 100 ~
observation.

Some,still, may doubtour CML approach,just 80

becauseour model is not derivedfrom the Navier—
Stokesequation.Our standpointhereis that the sa-
lient featuresin convectionare irrespectiveof the 60

details of models. Such featuresform universality (c)
classes.For the understandingof the complex phe- 40

nomena,the predictionof universality classesby a oT=2.O
model constructedfrom simple proceduresis im- 20

portant.Ourmodelsuggeststhat the soft—hardtran-
sition originates in the percolative behaviourof 0 _______________________________
plumes.This allocation forms the basis of univer- 0 20 4’S 6’s 80 S1O X

sality, e.g.,the universalchangeof the temperature Fig. 7. Roll patternfor athree-dimensionalconvection.Snapshot
of theperpendicularvelocityv, atthemiddleplate(x,y, IN

5) isdistribution.The essenceof the transitiondoesnot shownwith theuseofa grayscalewith blackandwhiteindicating

v~=±~ respectively.The lattice sizeis (N5, N~)= 100X 100
(horizontal),andN5=9. v=,c=O.2. ~T=0.6 for (a) and (b).

82 ForanabstractCML modelfor plumes,seealsoref. [9]. (a) Timestep200, Vms,= 0.07, (b) time step2500, Vm~= 0.2,
(c) time step2500.~T= 2.0and Vm~x0.6.
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