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Abstract

We present a new two phase model of economic production processes which is a non-linear
dynamical version of von Neumann’s neoclassical model of production, including a market
price-setting phase as well as a production phase. The rate of an economic production pro-
cess is observed, for the first time, to depend on the minimum of its input supplies. This creates
highly non-linear supply and demand dynamics. By numerical simulation, production networks
are shown to become unstable when the ratio of different products to total processes increases.
This provides some insight into observed stability of competitive capitalist economies in compar-
ison to monopolistic economies. Capitalist economies are also shown to have low unemployment.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper, we present for the first time a new non-linear dynamical model of
economic production, demand and supply processes which is based on von Neumann’s
neoclassical model of economic production [1,2]. We describe and motivate this model
in some detail and then exhibit some results of its numerical simulation which have
relevance for real economic dynamics.

The original von Neumann model (VNM) of balanced economic growth assumes that
each good is produced jointly with certain others, in an analogous way to a chemical
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reaction. In this model capital goods at different stages of wear and tear are different
goods and a production process is defined as operation which converts one bundle
of goods, including capital equipment, into another bundle of goods, including the
capital goods (at appropriate wear and tear) which are carried forward for use in fur-
ther production. Capital goods therefore function something like catalysts in chemical
reactions, reformed at the end of the reaction in an amount conserved in the reaction.

In the VNM it is assumed that consumption of goods takes place only through the
processes of production, including necessities of life consumed by workers, and all
income is reinvested in production. In the VNM there are a fixed number of processes
and a fixed number of products in the system. Therefore the VNM is defined by a fixed
input matrix and a fixed output matrix, representing, respectively, the fixed ratios of
input products and output products for each process. Each process is assumed to have
unit time duration, longer processes may be broken down into several processes with
intermediate products each with unit time duration. Furthermore each process has an
intensity, and each product has a price. For example a process may be given by: inputs:
baker, dough, oven, coal and lunch; outputs: baker, oven, bread and waste (including
heat). The ratios these products ‘react’ in are of course fixed and the baker and oven
are catalysts (except for some ‘wear and tear’). The intensity would correspond to the
amount of bakers, etc., employed (the quantity of baker here is considered a continuous
variable like the dough). An ‘auto-catalytic’ economic process may be for example: in-
puts: untrained workers, company training department; output: larger company training
department.

The VNM is defined as a static equilibrium model describing relationships between
the variables which must hold at equilibrium. Equilibrium is a state of ‘balanced
growth’ where prices are constant and intensities of production grow or decay at con-
stant geometric rates. There are no dynamics defined by the model which might de-
scribe out of equilibrium or approach to equilibrium behaviour. Indeed the VNM does
not include a price setting market, where demand and supply are compared, which is
necessary for a full dynamical model of production. The VNM does not account for
many of the problematic, non-equilibrium behaviour of real economies, such as unsta-
ble prices, inflation and deflation, and unemployment for example. We have made a
two-phase dynamical version of the VNM which includes a ‘market phase’ as well as
a ‘production phase’ and while still only a ‘toy’ economy may shed some light on the
above problems.

2. Model

The system has a fixed number of processes N denoted i = 1,...,N and a fixed
number of products P denoted j = 1,...,P. The product network is represented by
an fixed input matrix a;; representing the stoichiometric ratio of product ; required
by process i and a fixed output stoichiometric matrix b;; representing the outputs of
process i. In our simulations we fix Zj ajj = Zj by; for all processes i (although
this is not physically necessary since heat may also be produced). The system has a
production phase, where products are produced and a market phase, where they are
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valued and exchanged. This is the first difference between this model and the VNM,
the next difference is that each process is considered to have its own ‘stocks’ at each
time ¢, denoted S;;(¢). Furthermore each process need not possess stocks S;;(¢) in their
exact stoichiometric ratios for the production reaction to proceed perfectly without
any unused input. To take this into account we have to consider how the rate of the
production reaction depends on the stocks. In a chemical reaction system this rate is
governed by the law of mass action [3] which states that reactions proceed at rates
proportional to the product of the concentrations of the input species. This law which
depends on the consideration of random collisions as well as on the notion of volume
is obviously inapplicable in an economic reaction context. In fact the rate determining
quantity in an economic reaction is the quantity of the minimum input stock S;;(t)
possessed by the process (i.e., company/country). For example a baker working at full
pace can only fill a certain amount of ovens, increasing the amount of ovens further
will not increase the rate of production of bread. Similarly employing more bakers will
not increase your bread production if the ovens are already full. Therefore the process
rate of production i, R;(¢) is given by

R[(t):ocMinj (Sll(t)> s (1)

ij
where 0 < o < 1 is a parameter, its meaning explained below. We consider this model
to be a two phase mapping and the production phase is therefore defined by

Sy (¢ + 3) = Sip(t) + (Bbi; — ay)Ri(1) , (2)
where 0 < § < 1 is a parameter expressing ‘wear and tear’ in the production process.
All processes are considered to proceed simultaneously. We have written S;; (t + %) to
denote the fact that this is only half of a two phase process.

In the VNM all processes also have an intensity. Instead of intensity in this model
we consider each process to have a value called funds F;(t) measured in dollars.
Funds are necessary for the trading process and are a generalized fitness measuring
how successful the process has been in the past. Funds are not necessarily held by the
process but may simply indicate the ability to borrow from banks which is of course
directly dependent on the value of the company. In the same way as the VNM we
consider all funds to be reinvested in production every time step, and that therefore
the amount of funds controls the intensity of the process in the subsequent production
phase. At the start of the trading phase therefore each process i trys to buy as much
of each product as it can for its funds and constructs its demands D;; (t + %), which
are measured in dollars, for products j, by appropriately dividing its available funds
Fi(t) (=F; (t+ 3)). However in the allocation of demand the process does not know
in advance the price which will be collectively formed in the market. In reality this
may be a complex iterated process. However the most natural and realistic ‘rule of
thumb’ for a process to allocate its funds to demand may be the following

1 ai; p j(t )
Dzj (t + 2) Fz(t) Zj aijpj(t) >
where p;(t) (= p; (t+ 1)) is the price of product j formed during the previous trading
phase, i.e., processes divide funds into fractions given by the latest product prices and
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stoichiometric ratios a;;. The actual price at which transactions occur p(t + 1) is then
made by matching demand and supply so that

pit+ 1S (t4+3) =D, (t+3) , (4)

where S;(¢) =, S;j(t) + S5(¢) is the total supply of product j at time ¢ and D;(t) =
> Dij(t) +Df’“ (¢) is the total demand for product j, measured in dollars, and Sf” (1)
and Dje-"’ (t) are possible external supplies and demands. Product and fund allocation is
then carried out in a straight forward ‘mean-field” way so that

Fi(t+1)=>_S;(t+ 1) pit+1), (5)
J

) Dy (t+5)

St +1)= pit+1) ©

This means that the funds F;(¢) used to make the demands appearing in Eq. (3) are
simply the money made from sales in the previous trading phase. It is important to
realize that in this trading process there may be no net exchange of goods. In fact,
in the case of factors of production, which are both demanded and supplied by each
process in each trading phase, the process sells them at price p;(#+ 1) and buys them
at the same price p;(t+1). The trading process defined by Eqs. (5), (6) and (4) should
therefore be considered a revaluation process. If for example the price p;(¢ 4 1) has
fallen a small amount from the previous time p;(¢), (i.e., overall supply has increased)
while the process funds F;(¢) have stayed constant, then the trading-revaluation phase
amounts to the small expansion of production by increasing the supplies of factors of
production according to Eq. (6).

Eq. (3) assumes that the best indicator of p;(¢+1) is p;(¢). This may not necessarily
be the case, other prescriptions may be to base demands on (p;) where (- --) denotes a
time average over the past, or simply to divide the funds according to the stoichiometric
ratios a;; which would be best if the process assumes subsequent prices are uncorrelated
random numbers. We therefore generalise Eq. (3) to

aij pj(1)

Dy (t+ %) =Fi(t) (V S ayp )
j 1

+(1 - “/)%‘) , @)

where y is a parameter measuring how much a process takes the previous price into
account in determining its current demands.

The parameter o appearing in Eq. (1) measures the rate of production, it can therefore
be seen as a ratio of the two timescales, production and marketing. When it is small
products are revalued and exchanged on a faster time scale than production. As it
stands the model is not completely sound since the price can diverge or be zero. To
avoid this we assume that in the price setting trading phase demands and supplies
cannot be exchanged smaller than a small quantity ¢ ~ 1073, i.e., for example if D;;(¢)
is evaluated to be smaller than ¢ then D;;(¢) is set to zero and likewise for supplies in
trading.
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3. Results

In all simulations reported here the product network is the simplest possible: each
process has one input, one output and one catalyst, as would describe a chemical
reaction network in a living cell, see for example Ref. [4]. (In real systems this single
catalyst will correspond to human labour of course.) Here each process is considered
to employ equal proportions of its inputs, therefore each process has one product with
Ainprod = 0.5 and bjyproq = 0, one product with acuiproa = 0.5 and begyproa = 0.5 and one
product with a,uproq = 0 and boyproq = 0.5 while all the other products have a; and
b; zero. The production network is fixed and defined randomly at the start of each
numerical simulation such that each product has at least one process which produces
it and at least one process which consumes it. The system considered here is closed
ie., S7(¢)=D¢"(¢) =0 for all j and the parameters are o= 0.9, f=1.0 and y =0.5.
There are N products and P processes where the 3P initial stocks S;;(0) and P initial
funds F;(0) are chosen uniformly randomly and the initial prices are p;(0) = 1. The
total supply S(¢)= sz S;j(t)=K; and funds F(¢)=)_, F;(t)=K, are both conserved
quantities in the closed system with f§ = 1.0.

This model shows the full spectrum of dynamical behaviour including fixed and
periodic points, heteroclinic cycles, chaos and intermittency the analysis of which is
still in progress. A typical time series segment of the product supplies S;(¢)=>", Si;(¢)
is shown in Fig. 1. The time series is very complex exhibiting multi-timescale cyclic
behaviour often observed in real economies. This timescale complexity is created by
a complex switching process whereby the rates R;(¢) of the production processes are
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Fig. 1. Time series of product supplies S;(¢) for N =30 processes, P =20 products system. (Not all products
are plotted.)
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alternately controlled by the different supply rates of the different input products ac-
cording to Eq. (1). Notice there are some products at fixed supply. In fact this can
occur because the trading process conserves S;(¢), although the production process does
not, of course. As explained initially the network is defined such that each product has
at least one demand process and one supply process. Therefore this means some pro-
cesses have ‘died’ or ‘gone out of business’, due to competition from other processes.
By ‘died” we mean that its funds F;(¢) are given by F;(¢) < ¢, and therefore it makes
no demands, i.e., D;;(¢) < ¢, and furthermore this immediately means its supplies Sj;(¢)
are also S;;(#) < ¢ according to Eq. (6). (The parameter ¢ here is only a convenience
to deal with finite numerical precision, indeed this process death occurs no matter how
small we set ¢). Therefore the conserved products appearing in the time-series are sim-
ply factors of production in the remaining ‘live’ processes. This would correspond to a
country which does not produce some necessary factor of production such as cars for
example, in fact if we had chosen f < 1.0 in this case the network would not survive,
without external supply of energy. In fact which processes die and which do not is a
complex problem dependent on the network structure as well as on the other parame-
ters. An important parameter in this respect has turned out to the ratio of products to
processes P/N.

Shown in Fig. 2(a) are ensemble average results as the amount of products P is
varied for fixed amount of processes N =30 and in Fig. 2(b) as the amount of processes
N is varied for fixed amount of products P = 10. The results shown are time averages
over 3 x 10° iterations after discarding a transient of 3 x 10° iterations. Furthermore
each point is an ensemble average of 30 trial time-series with different networks and
initial conditions. The diamonds show the proportion of processes N/*¢/N which had
non-zero funds for the entire time series, i.e., F;(¢) > ¢. This result shows that as
P/N increases the network can support fewer and fewer processes. At first sight this
seems strange since there are more products so one may think more processes can
stay in business. However few processes producing a product cause large fluctuations
in supply and price due to the highly non-linear dynamics created by the minimum
condition in Eq. (1) interacting with the marketing dynamics. In fact the dynamics is
much more likely to be chaotic (in preparation) for large P/N while the small P/N
dynamics is usually characterized by fixed points and (quasi-)periodic behaviour. This
can be immediately seen as a vindication of capitalism and the stable economy it is
observed to create where many processes compete to produce a product. Indeed large
P/N is characteristic of a monopolistic economy.

Furthermore the crosses show the mean production i.e., (R(¢)) where total production
R(t) =", Ri(t) is given according to Eq. (1), and (---) here denotes averaging over
the process production time series and over all 30 trials. We have divided by the
theoretical maximum production of K;/2N. This shows a decay with increase in P/N.
Since the total product supply K; is a conserved quantity, independent of the amount
of processes alive N/*¢, this is a highly non-trivial result. In fact it clearly indicates
increasing unemployment with P/N, since unemployment is given by K; — (R(¢)). Of
course in the large P/N monopolistic economy the unstable dynamics creates large
differences in the supply of the input products, (and therefore large fluctuations in
the prices), which means one them, the input or the catalyst, is left unused. This
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Fig. 2. (¢) Proportion of non-bankrupt processes N"/N with F;(t) > ¢ and (x) total productivity (R(¢)).
(a) No. of processes N = 30 fixed, no. of products P varied and (b) no. of products P = 10 fixed, no. of
processes N varied.

quantity (R(z)) is also the best measure of the efficiency of the economy, since when
2NR(t)/K, =1 the processes are running perfectly, i.e., perfectly anticipating the future
price.

4. Conclusion

We have presented a new model of two-phase production and marketing economy
based on von Neumann’s neoclassical model. The model exhibits complex realistic
dynamics based on production rates determined by minimum supplies. We have shown
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that economic networks with fixed number of processes can only support a certain
amount of products before becoming unstable as the number of products is increased.
This situation is characterised by some processes ‘going bankrupt’ and the remaining
processes operating inefficiently. This causes unemployment to appear. Work is still in
progress to completely classify the dynamics of this system as its various parameters
are varied, including open systems exchanging products with the environment (other
countries), and systems generating waste and heat.
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