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Through extensive studies of dynamical system modeling cellular growth and reproduction, we find
evidence that complexity arises in multicellular organisms naturally through evolution. Without any
elaborate control mechanism, these systems can exhibit complex pattern formation with spontaneous cell
differentiation. Such systems employ a “cooperative” use of resources and maintain a larger growth speed
than simple cell systems, which exist in a homogeneous state and behave “selfishly.” The relevance of the
diversity of chemicals and reaction dynamics to the growth of a multicellular organism is demonstrated.
Chaotic biochemical dynamics are found to provide the multipotency of stem cells.
PACS numbers: 87.18. – h, 05.45.Xt, 87.23.Kg

Multicellular organisms consist of differentiated cell
types, with rather complex biochemical dynamics exhibited by complex metabolic and genetic networks. Through
the course of development, cells differentiate into several
types and often form complex patterns. The molecular
mechanisms existing of each stage of development have
been elucidated experimentally [1]. However, it is still not
clear why multicellular organisms should have such complexity, nor why such inhomogeneities in cell types and
patterns are common. These are not trivial problems [2],
since a simple biochemical network would be sufficient
(and perhaps more fit) to produce identical cells rapidly
and faithfully. Here we give an answer to the problem of
why multicellular organisms in general have diverse cell
types with complex patterns and dynamics.
Indeed, by considering dynamical systems of appropriate biochemical networks, it is possible to show that inhomogeneous patterns with diverse cell types can emerge.
Such work was pioneered by Turing [3,4], and extended in
Refs. [5–7]. Differentiation into several cell types has also
been studied by using random genetic networks [8]. Still,
it is not known how biochemical and genetic networks allowing for diversity are evolved.
Any theory accounting for such cellular diversity requires a specific choice of the genetic and biochemical
reaction networks and parameters. Then, to explain the
ubiquitous nature of cellular diversity in multicellular organisms, we must understand how such reaction dynamics
allowing for cell differentiation can evolve, without postulating a finely tuned mechanism. Here we study the relationship between the growth of multicellular organisms
and some characteristics of intracellular dynamics, to understand the origin of cellular diversity. Since the question
we address is rather general, we seek an answer that does
not rely on detailed knowledge of specific cellular processes in existing organisms. Instead, we adopt dynamical systems models that display only essential features of
the developmental process. In a minimal model of cellular
dynamics, we include only intracellular biochemical reactions with enzymes, simple cell-cell interactions through
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diffusion, and cell division as a result of biochemical reactions within each cell. By studying a class of models with
this general and minimal content, we show that cell differentiation from a stem cell and development producing a
complex pattern are natural consequences of evolution.
Model.—First, cells are assumed to be completely surrounded by a one-dimensional medium. The state of a cell
i is assumed to be characterized by the cell volume and
共m兲
ci 共t兲, the concentrations of k chemicals (m 苷 1, . . . , k).
The concentrations of chemicals change as a result of internal biochemical reaction dynamics within each cell and
cell-cell interactions communicated through the surrounding medium. The corresponding chemical concentration
in the medium is denoted by C 共m兲 共x, t兲, where x denotes
the position along the one-dimensional axis. We use a onedimensional model only for its tractability; conclusions we
draw in this case are consistent with the result of preliminary simulations of a two-dimensional model.
Internal reaction dynamics.—For the internal chemical
reaction dynamics, we choose a catalytic network among
the k chemicals, represented by a matrix con共ᐉ, j, m兲 which
takes on unity when the reaction from the chemical ᐉ
to m is catalyzed by j, and 0 otherwise. The rate of in共m兲
共ᐉ兲
crease of ci 共t兲 [and decrease of ci 共t兲] through this re共 j兲
共ᐉ兲
action is given by ci 共t兲 关ci 共t兲兴a , where a is the degree
of catalyzation (a 苷 2 in most simulations here). Each
chemical has several paths to other chemicals, and thus a
complex reaction network is formed.
Besides, we take into account the change in the volume
of a cell, that varies as a result of transportation of chemicals into the cell from the environment. For simplicity,
we assume that the volume is proportional to the sum of
chemicals in the cell. The concentrations of chemicals are
diluted as a result of an increase in the volume of the
cell. With the above assumption, this dilution effect is
P 共ᐉ兲
tantamount to imposing the restriction ᐉ ci 苷 const.
Of course, real biochemical processes within a cell are
much more complicated. Instead of taking such details
into account, we employ this simple model, and consider a
© 2000 The American Physical Society
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variety of reaction networks created randomly, to elucidate
a general relationship between the growth of cells and
cellular dynamics.
Cell-cell interactions through a medium.—Cells interact with each other through the transport of chemicals out
of and into the surrounding medium. As a minimal case,
we consider only indirect cell-cell interactions through diffusion of chemicals via the medium. The diffusion coefficient should depend on the chemical. Here, we assume
that there are two types of chemicals, one which can penetrate the membrane and one which cannot. We use the no共m兲
tation sm , which takes the value 1 if the chemical ci is
penetrable, and 0 otherwise.
To sum up all these processes, the dynamics of chemical
concentrations in each cell is represented as follows:
k
X
共ᐉ兲
共ᐉ兲
共ᐉ兲
共ᐉ兲
dci 共t兲兾dt 苷 Dci 共t兲 2 ci 共t兲
Dci 共t兲 , (1)
ᐉ苷1
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(2)

pix

denotes the location of the ith cell. The
The variable
second term in Eq. (1) represents the dilution effect by
changing the volume of the cell. On the other hand, the
diffusion of chemicals in the medium are governed by the
following equation for C 共ᐉ兲 :
X
≠C 共ᐉ兲 共x, t兲兾≠t 苷 2D̃=2 C 共ᐉ兲 共x, t兲 1
d共x 2 pix 兲sᐉ D
共ᐉ兲

3 关C 共x, t兲 2

i
共ᐉ兲
ci 共t兲兴 ,

(3)

where the boundary condition is chosen to be C共0, t兲 苷
C共xmax , t兲 苷 const, D̃ is the diffusion constant of the environment, and xmax denotes the extent of the medium. This
boundary condition can be interpreted as a chemical bath
outside of the medium, which supplies those penetrable
chemicals that are consumed to the medium via a constant
flow to the cell.
Cell division.—Each cell takes penetrable chemicals
from the medium as the nutrient, while the reaction in the
cell transforms them to unpenetrable chemicals which construct the body of the cell. As a result of these reactions,
the volume of the cell is increased. In this model, the cell
is assumed to divide into two almost identical cells when
the volume of the cell is doubled.
During this division process, all chemicals are almost
equally divided, with tiny random fluctuations (e.g.,
共ᐉ兲
⬃1026 ci ). The case of equal division is assumed, since
we do not intend to introduce an elaborate mechanism,
while the fluctuations are introduced because we wish to
study development processes that are robust with respect
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to molecular fluctuations. After cell division, two daughter cells appear around their mother cell’s position, and
the positions of all cells are adjusted so that the distances
between adjacent cells are 1. As a result, the total length
of the chain of cells increases.
As the initial state, a single cell, whose chemical concentrations are determined randomly, is placed. According to the process described above, cells divide to form
a chain. Of course, the behavior of the model depends
on each intracellular reaction network. We have carried
out simulations of the model by considering 800 different
reaction networks, generated randomly. Throughout the
paper, the number of chemical species k is 20, and each
chemical has 6 reaction paths to other chemicals, chosen randomly. Each chemical reaction path is catalized
by other (or the same) chemical, again chosen randomly.
Among the 20 chemicals, 3 chemicals can penetrate cell
membranes. The parameters are fixed at e1 苷 1.0, D 苷
1.0, D̃ 苷 2.0, and xmax 苷 500.
As results, we found that each growth curve using a different reaction network can be classified into two classes:
(I) “fast” growth in which the increase of cell number
grows exponentially in time t, and (II) “slow” growth in
which the cell number grows linearly in time. Under the
parameters presented above, approximately 5% of randomly chosen reaction networks show the case (I) behavior. These two classes, indeed, are also distinguished by
the nature of the corresponding cellular dynamics.
In case (II), the chemical compositions and dynamics
of all cells are identical. These dynamics fall into either
a fixed point or a limit-cycle attractor. In this situation,
only a few cells around the edges of the chain can divide.
Since cells are not differentiated, chemicals required for
cell growth are identical for all cells. Thus, once the cells
at the edges consume the required resources, the remaining
cells can no longer grow. This is the reason for the linear
growth.
In case (I) with exponential growth, it is found that the
chemical reaction dynamics of the cells are more complex
than in case (II). The microscopic differences between
the chemicals in two daughter cells are amplified through
the internal biochemical dynamics and the cell-cell interaction, leading to chaotic chemical dynamics. For most
such cases, the cells differentiate into various cell types
that are defined by distinct chemical dynamics and compositions (see Fig. 1). Even though no external mechanism of differentiation is implemented, the instability that
results from the intracellular dynamics and the cell-cell interactions brings about transitions to various cell types [9].
Indeed, this differentiation is a general feature of a system
of interacting units that each possess some nonlinear internal dynamics [10,11], as has been clarified by isologous
diversification theory [5–7].
In case (I), the division of cells is not restricted to the
edge of the chain. There is a flow of the nutritive chemicals
into the inside of the chain, that can maintain the growth
of internal cells. This flow is sustained by the diffusion
6131
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FIG. 1 (color). (a) The developmental process of the spatial pattern
with differentiated cells, starting
from a single cell. Up to several
divisions, a single type of cell, represented as a “red” cell, reproduces,
maintaining its characteristic type of
dynamics. The time series of the
chemical concentrations of this type
of cell are plotted in ( b), where the
time series of only six chemical concentrations among the 20 are overlaid, to avoid an indistinct figure.
With a further increase of cell number, some of the “red” cells start to
exhibit different types of chemical
dynamics, due to the cell-cell interactions. The transitions from the
“red” cells to three distinct cell types
represented by “green,” “blue,” and
“yellow” are plotted in (c), (d), and
(e). In this example, only these four
types of cells appear in the developmental process, while no intermediate types exist. Here, the “red” cells
are regarded as the stem cells that
have the potential both to reproduce
themselves and to differentiate into
other cell types, while the differentiated cells reproduce only the same
type.

between cells possessing different chemical compositions
and exhibiting different phases of chemical oscillations.
Here, the capability for cell division is also differentiated
as the development progresses. The total increase in cell
number is due to the division of certain type(s) of cells,
and most other cell types stop dividing.
In the developmental processes in case (I), initial cell
types exhibit transitions to other types. Cells of the initial cell types either proliferate or switch to other types
stochastically. They can be regarded as a stem cell [12].
The dynamics of a stem-type cell, that can produce different cell types after divisions, exhibit chaotic oscillation
(see Fig. 1, and also [7]). The type of differentiated cells
maintain their type after divisions.
Next, we compare the growth of a single cell with that
of an ensemble of cells. In Fig. 2 the growth speeds of a
single cell and an ensemble of cells are plotted. Here each
point corresponds to a different reaction network.
The points around the peak of the growth for an ensemble correspond to case (I) of exponential growth. Here,
the growth speed of a single cell is not large. In each cell,
a variety of chemicals coexist, supporting complex reaction dynamics and cell differentiation. In case (I), organisms with cellular diversity, plotted by green points, have
a larger growth speed of an ensemble than those without
diversity. Indeed, in the former case, cells differentiate in
the use of nutrients to take them efficiently.
In case (II), there are much simpler intracellular reaction processes, with only a few autocatalytic reactions used
dominantly, that can produce the rapid replication of a
6132

single cell. In this case, the growth speed of a single cell
is often large (represented by some of the blue points in
Fig. 2), while the growth speed of an ensemble always
remains small. In some sense, simple cells with rapid
growth are “selfish”: Although such simple cells with low
diversity of chemical species can exhibit large growth
speeds as single cells, they cannot grow cooperatively, and
their growth speeds as ensembles are suppressed because
of strong competition for resources.
The developmental process presented in case (I) is irreversible. Initially, cells have complex chaotic internal
dynamics and a variety of chemicals. They have the potential to differentiate into cell types with simpler cellular
dynamics, for example, with a fixed-point and regular oscillation (see Fig. 1 as an example). This type of cell with
simpler dynamics can produce cells of the same type or
stop dividing. Hence, the loss of multipotency, known to
exist in the developmental process of real organisms [1],
is explained in terms of the decrease in time of diversity in
the intracellular dynamics and chemicals. Indeed, the decrease in complexity of dynamics with the loss of multipotency has been confirmed quantitatively, for example by
computing the Kolmogorov-Sinai (KS) entropy of the intracellular dynamics. Using the data in Fig. 2, we have
found that case (I) has a positive KS entropy while for the
case (II) it is zero. Furthermore, there is positive correlation between the KS entropy and the growth speed as an
ensemble. The decrease of KS entropy in going from a
stem cell to other differentiated cells has also been confirmed. For example, the KS entropy of the stem-type
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FIG. 2 (color). Relationship between the growth speed of a
single cell and that of an ensemble. The ordinate shows the
growth speed of an ensemble, measured as the inverse of
the time for the cell number doubles from 100 to 200, while
the abscissa represents the inverse of the time for a single cell to
divide. Each point is obtained by using a different chemical reaction network. The blue circles correspond to case (II), where
the state of cells are identical and the growth of an ensemble is
linear in time. The dynamics of the chemical concentrations of
these cases are mostly of the fixed point type, with a few cases
of limit cycles. The green and red rectangles correspond to the
case with chaotic cellular dynamics, where the growth of an
ensemble is exponential in time. The green points correspond
to the case with cell differentiation into several types. For the
red points, cell differentiation into distinct types is not observed
(up to the time when the cell number reaches 200).

“red” cells in Fig. 1 is approximately 2.4 3 1024 , while
it is 3.1 3 1025 for “green,” 4.5 3 1025 for “blue,” and
less than 1.0 3 1025 for “yellow” cells.
Our results are robust against the change in model parameters, as long as the internal reaction and intracellular diffusion terms have a comparable order of magnitude.
The results are also independent of the details of the model,
in particular, of the choice of catalyzation degree a 苷 1
or 3. The same two classes and the same relation between
the growth and cellular diversity are obtained, as long as
the number of chemicals is sufficient (say for k . 10)
and the number of the reaction paths is in the medium
range (e.g., 3 ⬃ 9 for each chemical at k 苷 20; otherwise, the intracellular dynamics fall onto a fixed point for
most cases without differentiation).
To sum up, our study has provided evidence that an ensemble of cells with a variety of dynamics and stable states
(cell types) has a larger growth speed than an ensemble
of simple cells with a homogeneous pattern, because of
the greater capability of the former to transport and differentiation in the use of nutritive chemicals. Note that
no elaborate mechanism is required for the appearance of
such heterogeneous cell ensembles. Some fraction of the
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randomly chosen biochemical networks we considered exhibit dynamics sufficiently complex to allow for spontaneous cell differentiation.
Our result suggests that complexity of multicellular organisms with differentiated cell types is a necessary course
in evolution, once a multicellular unit emerges from cell
aggregates. In fact, by carrying out the evolution experiment numerically, with mutation to reaction networks and
selection of the cell ensembles with higher growth speed,
we have confirmed that cells of the case (I) emerge and
survive through evolution.
Our result concerning the relationship between the diversity of chemicals and dynamics and the growth speed
of a single cell and ensemble provides experimentally
testable predictions. Since even primitive organisms such
as Anabena [13] and Volvox [14] exhibit differentiation in
cell types and some spatial pattern, the relationship can be
verified. In fact, for a mutant of Volvox that possesses only
homogeneous cells, the growth becomes slower in comparison to the wild type [15].
Chaotic intracellular dynamics and the diversity of
chemicals present in a stem cell are also experimentally
verifiable. A decrease of diversity in chemical composition and of complexity in their temporal variation is
expected with the decrease of multipotency of a cell.
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